The uplink performance of massive multiple-input-multiple-output (MIMO) systems where the base stations (BS) employ low-resolution analog-to-digital converters (ADCs) is analyzed. A high performance MMSE receiver that takes both additive white Gaussian noise (AWGN) and quantization noise into consideration is designed, which works well for both cases of uniform resolution ADCs and non-uniform resolution ADCs. With the proposed MMSE receiver, we then employ the random matrix theory to derive the asymptotic equivalent of the uplink spectral efficiency (SE) of the system. Numerical results show the tightness of the asymptotic equivalent of the uplink SE, and massive MIMO with lowresolution ADCs can still achieve the satisfying uplink SE by increasing the number of antennas at BS.
I. INTRODUCTION
Massive multiple-input multiple-output (MIMO) has been considered as one of the key enabling technologies for 5G wireless communications systems, and thus has recently drawn lots of research interest. It could bring significant spectral efficiency (SE) and energy efficiency (EE) gains when the base station (BS) has a large number of antennas [1] , [2] . Due to the large number of antennas at BS, a simple linear receiver can be employed to achieve a high SE, and the impact of imperfect hardware can also be mitigated. Most of the current works concerning massive MIMO systems assume each antenna at BS is equipped with a high-resolution ADC.
The authors are with the National Mobile Communications Research Laboratory, Southeast University, Nanjing 210096, China (emails: weichao@seu.edu.cn; zczhang@seu.edu.cn).
However, high-resolution ADCs can incur substantial power assumption and high-cost hardware implementation [3] , which may be not affordable in practical massive MIMO systems. This motives us to study the use of low-resolution ADCs to understand their impact on the performance of the system. Several recent works have investigated the effects of low-resolution ADCs on the performance of massive MIMO systems [4] - [6] . In these works, the effect of low-resolution ADCs is described by using the additive quantization noise model (AQNM) [4] . Using AQNM, Fan et al. [5] derive an approximate analytical expression for the uplink achievable rate of massive MIMO systems over Rayleigh fading channels when low-resolution ADCs and the maximal-ratio combining (MRC) technique are used at the receiver; Zhang et al. [6] derive tractable and exact approximation expressions for the uplink SE of massive MIMO systems with low-resolution ADCs and MRC over Rician fading channels, where both perfect and imperfect channel state information (CSI) are considered. However, only uniform resolution ADCs and MRC receiver are considered in [5] and [6] , which cannot be applied to analyze the uplink SE performance of massive MIMO systems with non-uniform resolution ADCs and MMSE receiver. In [7] , a mixed-ADC architecture for massive MIMO systems is proposed, in which the BS antennas are equipped with both high-resolution ADCs and low-resolution ADCs. Under mixed-ADC massive MIMO with MRC receiver, the closed-form approximate expressions for the uplink achievable rate are derived for both perfect and imperfect CSI when the Rician fading channels are considered [8] . In [9] , the asymptotic equivalent of the uplink SE is obtained when non-uniform resolution ADCs and MMSE receivers are used at the BS of massive MIMO systems. The MMSE receiver designed in [9] could cause significant SE loss for massive MIMO systems with non-uniform resolution ADCs. This is because it does not consider non-uniform quantization noise incurred by non-uniform resolution ADCs.
In this letter, with AQNM, we first design a proper MMSE receiver for the uplink massive MIMO system with low-resolution ADCs. The proposed MMSE receiver takes both additive white Gaussian noise (AWGN) and quantization noise into account. It can work well for both cases of uniform resolution ADCs and non-uniform resolution ADCs. We then derive a tight asymptotic equivalent of the uplink SE using random matrix theory. 
II. SYSTEM MODEL
Consider an uplink massive MIMO system with low-resolution ADCs, where the BS equipped with M antennas receives signal from K single-antenna users using the same time-frequency resources. The received signal y ∈ C M×1 at BS can be written as
where p u is the average transmit power of each user, x ∈ C K×1 is the transmit vector for all K users, and n ∼ CN (0, I M ) is the normalized AWGN vector. The input covariance matrix R x = I K is assumed. The channel matrix G ∈ C M×K between the BS and all users is given as
where H denotes the small-scale fading channel matrix and D is the K × K diagonal matrix with diagonal entries {β k } to model the large-scale fading. Rayleigh fading is assumed here, thus without loss of generality, the elements of H can be considered to follow distribution CN (0, 1).
As the quantization error can be well approximated as a linear gain with AQNM [4] , the output vector of low-resolution ADCs can be expressed as
where Q (·) is the quantizer function which applies component-wise and separately to the real and imaginary parts, and n q is the additive Gaussian quantization noise vector which is uncorrelated with y. The linear gain matrix Λ is an M × M diagonal matrix with entries {α m }, and the linear gain coefficient α m = 1 − ρ m , where ρ m is the inverse of the signal-to-quantization-noise ratio.
Given a fixed channel realization G, the covariance matrix of n q can be written as [5] 
III. ASYMPTOTIC EQUIVALENT OF THE UPLINK SPECTRAL EFFICIENCY
In this section, using random matrix theory, we derive the asymptotic equivalent of the uplink SE for massive MIMO systems with low-resolution ADCs, when the MMSE receiver is considered. Here the perfect CSI is known at the BS. First, the proposed high-performance MMSE receiver is designed as
where
, and θ = 1/p u .R n q is the expectation of R n q with respect to G. Thus, we can see that the proposed MMSE receiver can suppress both AWGN and quantization noise at the same time. This proposed MMSE receiver will be used in the following analysis. By multiplying W with y q , the quantized output vector is processed as
The output signal for the kth user can be expressed as
where V = ΛGG H Λ H + Z + θI M −1 , g i is the ith column of G and x i is the ith element of x.
The achievable uplink rate of the kth user is thus expressed as
where the variance of the interference-plus-noise term is
Now the sum uplink SE of the whole system is obtained as
To obtain the asymptotic equivalent of R k , we first derive the asymptotic equivalent for the power of the signal of interest and the three parts of I k . Then, the asymptotic equivalent of R k is given as follows:
Lemma 1: When M, K → ∞ with fixed ratio, the asymptotic equivalent of the uplink SE in Eq. (8) is written asR
where Γ 1 , Γ 2 and Γ 3 are calculated as Eqs. (14), (18) and (23), respectively.
Proof: For the signal of interest, using Sherman-Morrison formula, we can obtain
where G −k denotes that the kth column of G is removed from G. Through Theorem 1 in Appendix A, we have
where (a) follows from Lemma 4 in [10] ,
With Eq. (13), the asymptotic equivalent for the power of the signal of interest can be given as
For the inter-user interference part, by using Sherman-Morrison formula twice, we have
Through Theorem 2 in Appendix A, we have
Thus as M, K → ∞, the asymptotic equivalent of the inter-user interference part is expressed as
For the Gaussian noise part, again by using Sherman-Morrison formula, we have
Then, using Eqs. (13) and (17) , the asymptotic equivalent of the Gaussian noise part is expressed
The quantization noise part contains R n q that is dependent on the channel matrix G. We usē
H VR n q VΛg k and the effect of this replacement on the asymptotic equivalent is negligible. Similar to the derivation of the Gaussian noise part, the asymptotic equivalent of the quantization noise part is obtained as
Until now, substituting Eqs. (15), (19), (21) and (22) into Eq. (8) and after some mathematics manipulations, we can get the Lemma 1.
Note that Lemma 1 is a general result and an exact asymptotic equivalent of the uplink SE for both uniform resolution ADCs and non-uniform resolution ADCs in massive MIMO systems.
In addition, our proposed MMSE receiver shows better performances than that in [9] , which is verified in simulation. Furthermore, the closed-form asymptotic equivalent of the uplink SE only depends on the statistics parameters of the channel that keeps static within a coherence time block; therefore it can be readily used to analytically evaluate the effects of low-resolution ADCs, the number of antennas M, and the transmit power p u on the considered system's performance.
IV. NUMERICAL RESULTS
This section provides numerical results to verify Lemma 1 in Sec. III. Consider a hexagonal cell with a radius of 1000 meters. User locations are generated independently and randomly in the cell by following uniform distribution, but the distance between each user and the BS is at least 100 meters. The path loss is expressed as r −v n , where r n is the distance from the nth user to the BS and v = 3.8 is the path loss exponent. Shadowing is modeled as a log-normal random variable s n with a standard deviation of 8dB. Thus the large-scale fading can be expressed as
The resolution of ADCs is b = 1 ∼ 3 bits, and the values of ρ are listed in Table I for b ≤ 5 bits.
In Fig. 1 , the simulated uplink SE along with the derived asymptotic equivalent in Lemma 1 are plotted against the user power p u . The number of antennas M is set as 60 and 120. The number of users K is 8. The resolution bits of each ADC is selected with equal probability over b = 1 ∼ 3 bits. The simulated uplink SE from [9] is included for comparison. It is observed that the derived asymptotic equivalent of the uplink SE matches very well with the simulation results for the two different numbers of antennas M and for all cases of the user power p u . As the user power p u increases, our proposed MMSE receiver shows a much better performance than that proposed in [9] . This is because, when the user power p u is high, the quantization noise becomes dominant than AWGN; our proposed MMSE receiver can suppress the quantization noise and AWGN at the same time, while the proposed MMSE receiver in [9] can just suppress AWGN.
It is also observed that as the user power p u increases, the uplink SE is saturated, because the power of quantization noise scales up with the user power p u , as shown in Eq. (4). 
